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ON HYPERCYCLIC RANK ONE PERTURBATIONS OF UNITARY
OPERATORS
ANTON BARANOV, VLADIMIR KAPUSTIN, ANDREI LISHANSKII
Abstract. Recently, S. Grivaux showed that there exists a rank one perturbation
of a unitary operator in a Hilbert space which is hypercyclic. Another construction
was suggested later by the first and the third authors. Here, using a functional
model for rank one perturbations of singular unitary operators, we give yet an-
other construction of hypercyclic rank one perturbation of a unitary operator. In
particular, we show that any Carleson set on the circle can be the spectrum of a
perturbed (hypercyclic) operator.
1. introduction
A continuous linear operator T in a Banach (or Fre´chet) space F is said to be
hypercyclic if there exists a vector f ∈ F such that its orbit {T nf}∞n=0 is dense in
F . In this case the vector f is said to be hypercyclic for T . Though the property
to have a vector with a dense orbit may look rather exotic and “pathological”, it
turns out that many natural operators on spaces of analytic functions possess it (e.g.,
some classes of Toeplitz and composition operators, pseudodifferential operators on
the space of all entire functions, weighted shifts, etc.). The theory of hypercyclic
operators and, more generally, dynamics of linear operators, were an active fields of
research during the last three decades. For a comprehensive account of the theory
we refer to the recent monographs [3, 9].
One of the natural questions about hypercyclicity is its stability (or instabil-
ity) with respect to small (in some sense) perturbations. In 1991 K.C. Chan and
J.H. Shapiro [5] showed that there exist hypercyclic operators in a Hilbert space of
the form I+K, where I is the identity operator and the compact operator K belongs
to any Schatten class. It is clear that I+R can not be hypercyclic when R is a finite
rank operator (since in this case I + R∗ has an eigenvalue). But if we replace I
by a unitary operator, hypercyclicity is possible. In 2010 S. Shkarin [16] produced
an example of a unitary operator U such that U + R is hypercyclic for some rank
two operator R. Shkarin then asked whether R can be taken to be of rank one. A
positive answer was soon given by S. Grivaux [8]:
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Theorem 1.1 (S. Grivaux, [8]). There exists a unitary operator U in the space ℓ2
and a rank one operator R such that U +R is hypercyclic.
In 2015 A. Baranov and A. Lishanskii [1] gave another proof of this theorem using
a functional model of rank one perturbations of unitary operators due to V. Ka-
pustin [11] and A.D. Baranov and D.V. Yakubovich [2]. The constructions of [8] and
[1] were both based on the following interesting theorem (also due to S. Grivaux)
which gives a condition sufficient for hypercyclicity in the case when the operator
has sufficiently many eigenvectors corresponding to unimodular eigenvalues with a
certain “continuity property”.
Theorem 1.2 (S. Grivaux, [7]). Let X be a complex separable infinite-dimensional
Banach space, and let T be a bounded operator on X. Suppose that there exists a
sequence {un}n≥1 of vectors in X having the following properties :
(i) un is an eigenvector of T associated to an eigenvalue λn of T , with |λn| = 1
and λn are all distinct ;
(ii) span{un : n ≥ 1} is dense in X ;
(iii) for any n ≥ 1 and any ε > 0, there exists m 6= n such that ‖un − um‖ < ε.
Then T is hypercyclic.
Both in [8] and [1] the main technical difficulty was to prove the continuity prop-
erty (iii). In this note we give yet another construction of hypercyclic rank one
perturbation of a unitary operator. This construction is related to a class of func-
tional spaces studied in [11, 12, 13]. One of the advantages of this approach is that
the continuity property of eigenvectors becomes almost automatic. Another (and
apparently more important) novelty is that now we have a lot of freedom in choosing
the spectrum of the perturbed (hypercyclic) operator (see Theorem 2.1 below).
2. Carleson sets and spaces of analytic functions
Let D = {z ∈ C : |z| < 1} be the unit disk and T = {z ∈ C : |z| = 1} be the unit
circle. We denote by H2 the standard Hardy space in D (identifying it with subspace
of L2(T) via its boundary values) and we put H2− = L
2(T)⊖H2 = zH2. We denote
by S and S∗ the shift and backward shift operators (considered on the Hardy space
or on the related spaces introduced below),
Sf(z) = zf(z), S∗f(z) =
f(z)− f(0)
z
.
Let E be a closed subset of T with zero Lebesgue measure and let {Ij} be at most
countable set of disjoint open arcs Ij ⊂ T such that T \E =
⋃
j Ij . The set E is said
to be a Carleson set (or a set of finite entropy) if∑
j
|Ij| log
1
|Ij|
<∞
(by |I| we always denote the normalized Lebesgue measure of I ⊂ T). By the classical
results of L. Carleson [4], sets of finite entropy are precisely those sets that may serve
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as zero sets of smooth up to the boundary) analytic functions in D. Namely, a nonzero
function f ∈ Hol(D) ∩ C1(D) (or f ∈ Hol(D) ∩ C∞(D)) vanishing on E ⊂ T exists
if and only if E is a Carleson set.
Recall that a set E is said to be perfect if it is closed and has no isolated points.
One of the main results of this note is the following theorem:
Theorem 2.1. For any perfect Carleson set E on the unit circle T there exists a
hypercyclic operator of the form U +R, where U is unitary and R of rank one, such
that
σ(U +R) = σp(U +R) = E.
Here σ(T ) and σp(T ) denote the spectrum and the point spectrum of the operator
T , respectively.
Appearance of Carleson sets in this context is not random. It is interesting to
compare Theorem 2.1 with the following remarkable result of N.G. Makarov [13]: a
set F ⊂ T is a point spectrum of some operator of the form U+K where U is unitary
and K is of trace class if and only if F is a countable union of Carleson sets. We do
not know for which F it is possible to find a hypercyclic operator U + R as above
with point spectrum F (and, in particular, whether there exist countable unions of
Carleson sets for which this is not true).
Another interesting problem is to describe those unitary operators U for which
there exists a hypercyclic rank one perturbation U +R. This seems to be a difficult
problem. Our results imply that the essential spectrum of such operator U can be
any perfect Carleson set.
2.1. Construction of the space H∗(ϕ, ψ). The following class of spaces of an-
alytic functions was introduced in [11] in connection with a model for rank one
perturbations of unitary operators. Let ϕ and ψ be the functions in H2(T) with the
properties
|ϕ| = |ψ| a.e. on T and ψ(0) 6= 0.
Let H∗ = H∗(ϕ, ψ) be the space of functions defined by
H∗ =
H2
ϕ
∩
H2−
ψ¯
= {f : fϕ ∈ H2, f ψ¯ ∈ H2−}
with the norm
‖f‖H∗ := ‖fϕ‖H2 = ‖fψ¯‖H2
−
.
It is clear that the space H∗ is invariant with respect to S
∗. It is also shown in [11]
that the inclusion f ∈ H2−/ψ and the fact that ψ(0) 6= 0 imply that we can consider
the values of f ∈ H∗ outside the unit disk and that there exists a finite limit
(zf)∞ = lim
z→∞
zf(z).
Assume now that E ⊂ T is a perfect Carleson set. Let ϕ ∈ C1(D) be such that
ϕ(0) 6= 0 and {z ∈ T : ϕ(z) = 0} = E. Then it is clear that any function of the
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form (z − λ)−1, λ ∈ E, belongs to the space H∗ = H∗(ϕ, ϕ) associated with the pair
(ϕ, ϕ). Indeed,
ϕ
z − λ
∈ H2,
ϕ
z − λ
=
1
λ
(
zϕ
λ− z
)
∈ H2−.
We will use the fact that the functions in the space H∗ have analytic continuation
through T \ E.
Lemma 2.2. Let µ ∈ T \E. Then any function in H∗ admits analytic continuation
into a neighborhood of µ and the mapping f 7→ f(µ) is a bounded functional on H∗.
Proof. By definition, f ∈ H∗ if and only if ϕf ∈ H
2 and ϕz¯f¯ ∈ H2. The last
condition can be rewritten as follows: there exists a function g meromorphic and of
Nevanlinna class in {|z| > 1} such that g = f a.e. on T and
1
z
g
(1
z¯
)
ϕ(z) ∈ H2.
If µ ∈ T \ E, then there exist an open neighborhood V of µ and δ > 0 such that
|ϕ(z)| ≥ δ, z ∈ D ∩ V . It follows that, for some ε > 0,
sup
1<r<1+ε
∫
{|eiθ−µ|<ε}
|g(reiθ)|2dθ <∞.
Hence, g is a usual analytic continuation of f through the arc {|eiθ − µ| < ε}.
Moreover,
|f(µ)|2 ≤
1
πε2
∫
{|z−µ|<ε}
|f(z)|2dm2(z) ≤
1
πε2δ2
‖ϕf‖2H2.
Here m2 is the planar Lebesgue measure. 
3. Construction of a hypercyclic rank one perturbation.
In this section we use the spaces of analytic functions from the previous section to
construct a rank one perturbatrion of a unitary operator which satisfies the conditions
of Grivaux’ theorem (Theorem 1.2).
As above let E ⊂ T be a perfect Carleson set and let ϕ ∈ C1(D) be such that
ϕ(0) 6= 0 and {z ∈ T : ϕ(z) = 0} = E. Consider the space H∗ associated with the
pair (ϕ, ϕ). Then any function of the form (z−λ)−1 ∈ H∗ for λ ∈ E. It follows from
the inclusion ϕ ∈ C1(D) that
sup
λ∈E,z∈T
∣∣∣ ϕ(z)
z − λ
∣∣∣ <∞,
whence, by the Lebesgue dominated convergence theorem,
(1)
∥∥∥ ϕ
z − µ
−
ϕ
z − λ
∥∥∥
H2
→ 0 as µ→ λ, µ ∈ E.
Now, let {λj}j∈J be a countable subset of E without isolated points and put
H0 = SpanH∗
{
1
z − λj
: j ∈ J
}
.
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Theorem 3.1. The operator S∗|H0 is a hypercyclic operator which is a rank one
perturbation of some unitary operator. Moreover, σ(S∗|H0) = σp(S
∗|H0) = E where
E = {λ¯ : λ ∈ E}.
Put H1 = {f ∈ H0 : f(0) = 0} and H˜1 = {f ∈ H0 : (zf)∞ = 0}. Then it is clear
that S∗ acts isometrically on H1. We have the following lemma:
Lemma 3.2. S∗H1 = H˜1.
Proof. If g =
∑
j
cj
z−λj
∈ H1 (we consider only finite sums), then g(0) = −
∑
j
cj
λj
= 0.
In this case S∗g =
∑
j
cj
λj(z−λj)
, so (zS∗g)∞ = 0. Since (zf)∞ is a continuous linear
functional on H∗, we conclude that (zf)∞ = 0 whenever f ∈ S
∗H1. Thus, S
∗H1 ⊂
H˜1.
To prove the converse inclusion, let us note first that finite sums of the form∑ cj
z−λj
are dense in H˜1. Let f ∈ H0 and (zf)∞ = 0. For any ε > 0 we can choose
a finite linear combination
∑ cj
z−λj
such that
∥∥∥f −∑ cjz−λj
∥∥∥ < ε. Since h 7→ (zh)∞ is
a bounded functional on H0, there exists a constant A > 0 (independent of f) such
that ∣∣∣∑ cj∣∣∣ =
∣∣∣∣
(
z
(∑ cj
z − λj
− f
))
∞
∣∣∣∣ < Aε.
Let λ0 ∈ E be fixed which is independent on f . Then it is easy to see that
f˜(z) =
∑ cj
z − λj
−
∑
j cj
z − λ0
∈ H˜1
and ‖f − f˜‖ ≤ ε(1 + A‖(z − λ0)
−1‖H∗).
Now let f(z) =
∑ cj
z−λj
(a finite sum) and (zf)∞ =
∑
cj = 0. Put g =
∑ λjcj
z−λj
.
Then g(0) = 0 (i.e., g ∈ H1) and
S∗g =
1
z
(∑ λjcj
z − λj
+
∑
cj
)
= f.
Thus, H˜1 ⊂ S
∗H1. 
3.1. Proof of Theorem 3.1. First we verify that the operator S∗|H0 satisfies the
conditions of Theorem 1.2. It is clear that the functions fj =
1
z−λj
are eigenvectors
of the operator S∗|H0 with eigenvalues
1
λj
. Indeed,
S∗fj(z) =
1
z
( 1
z − λj
+
1
λj
)
=
1
λj(z − λj)
.
By the definition of the space H0 the set {fj}j∈J is complete in H0. Since the set
{λj}j∈J has no isolated points, the continuity property (iii) in Theorem 1.2 follows
from (1). Thus, S∗|H0 is hypercyclic.
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Next we need to show that S∗|H0 is a rank one perturbation of some unitary
operator. Let H1 and H˜1 be as above. It is clear that H0 = H1 ⊕ H2, where
H2 = Lin{g} for some g ∈ H0 such that g(0) = 1. By Lemma 3.2 S
∗H1 = H˜1
and so the closed subspace S∗H1 has codimension 1 in H0. Then we can define a
unitary operator U as follows: let U |H1 = S
∗|H1 and let U |H2 be an arbitrary unitary
operator of one-dimensional subspace H2 onto one-dimensional subspace H0⊖S
∗H1.
Clearly, S∗|H0 will be a rank one perturbation of U .
It remains to show that σ(S∗|H0) = σp(S
∗|H0) = E. It is clear that E ⊂ σp(S
∗|H0).
We show that for λ /∈ E the equation S∗f − λf = g has a unique solution f ∈ H0
for any g ∈ H0. Indeed, this equation is equivalent to
f =
zg + f(0)
1− λz
.
If µ = λ−1 ∈ D or µ ∈ T\E, then by lemma 2.2 any function g ∈ H0 is analytic in the
neighborhood of µ and so there exists a unique c ∈ C, namely c = µg(µ), such that
f = zg−c
λ(z−µ)
belongs to ϕ−1H2. The inclusion ϕz¯f¯ ∈ H2 follows immediately from the
inclusion ϕz¯g¯ ∈ H2. If λ ∈ D, then ϕf ∈ H2 for any f of the form f = zg−c
λ(z−µ)
. Also,
ϕz¯f¯ = ϕz¯
z¯g¯ − c¯
1− λ¯z¯
=
ϕz¯g¯ − c¯ϕ
z − λ¯
∈ H2
if and only if c¯ = (ϕz¯g¯)(λ¯)/ϕ(λ¯). Thus, we have seen that there is a unique solution
f ∈ H∗ for any g ∈ H∗. If g is a finite linear combination of (z − λj)
−1, then it is
easy to see that f also is of this form. Hence, f ∈ H0 whenever g ∈ H0. This proves
Theorem 3.1. 
3.2. A link to nearly invariant subspaces and Clark measures. In this sub-
section we discuss the relation of our construction with Hitt–Sarason theory of nearly
invariant subspaces. A closed subspace X ⊂ H2 is said to be nearly invariant, if
for any f ∈ X such that f(0) = 0 we have S∗f ∈ X . Recall that by the Beurling
theorem any S∗-invariant subspace is of the form KΘ = H
2 ⊖ ΘH2 for some inner
function Θ (see, e.g., [14]). The structure of nearly invariant subspaces was described
by D. Hitt [10] and D. Sarason [15].
Theorem 3.3 (Hitt, Sarason, [10, 15]). If X is nearly invariant, then X = gKΘ,
where Θ is an inner function, g is outer, and the mapping Mg : f 7→ gf is an
isometry on KΘ. In particular, Mg maps KΘ isometrically onto X.
Let us show that
ϕH0 = ϕSpanH∗
{
1
z − λ
: λ ∈ E
}
.
is a nearly-invariant subspace of H2. Indeed, for finite sums ϕ
∑ cj
z−λj
(which are
dense in ϕH0) we have ∑ cj
z − λj
∣∣∣∣
z=0
= −
cj
λj
= 0,
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and so
1
z
(
ϕ
∑ cj
z − λj
)
=
1
z
(
ϕ
∑( cj
z − λj
+
cj
λj
))
= ϕ
(∑ cj
λj(z − λj)
)
∈ ϕH0.
Therefore, by the Hitt–Sarason theorem ϕH0 = gKΘ for some g and Θ.
If f ∈ H0, then
ϕf
g
∈ Kθ and
‖f‖H0 = ‖ϕf‖H2 =
∥∥∥ϕf
g
∥∥∥
H2
and so the mapping Mϕ/g : f 7→ ϕf/g is a unitary operator from H0 onto KΘ. It is
clear that operators S∗|H1 (where H1 = {f ∈ H0 : f(0) = 0}) and S
∗|{f∈KΘ: f(0)=0}
are unitarily equivalent. Since S∗|H1 coincides on H1 with the unitary operator U
constructed in Theorem 3.1, we conclude that U˜ = M−1ϕ/gUMϕ/g is a unitary operator
on KΘ which is a rank one perturbation of S
∗|KΘ.
Unitary rank one perturbations of S∗|KΘ were described by D.N. Clark in a seminal
paper [6]. This description involves a construction of a special family of measures.
Let α ∈ T. Then the function α+θ
α−θ
has positive real part in D, and so there exists
a finite positive measure µα on T (singular with respect to the Lebesgue measure)
such that
Re
α + θ(z)
α− θ(z)
=
1
π
∫
T
1− |z|2
|τ − z|2
dµα(τ), z ∈ D.
Clark showed that the set of unitary rank one perturbations of S∗|KΘ can be
parametrized by α ∈ T and their spectral measures are exactly the measures µα.
Corollary 3.4. Let E ⊂ T be a perfect Carleson set and let ϕ be the corresponding
smooth function with boundary zero set E. Then the space ϕH0 is a nearly invariant
subspace. Moreover, if Θ is the associated inner function from the Hitt–Sarason
theorem. then the spectral measure of the unitary operator U which has a hypercyclic
rank one perturbation is the Clark measure µα for Θ.
It would be interesting to use this relation to characterize (at least a subclass of)
unitary operators U which have a hypercyclic rank one perturbation. The difficulty
here is that the proof of the Hitt–Sarason theorem is nonconstructive and, even if we
have explicit knowledge of ϕ and H0, it is difficult to translate it into the information
about Θ. In particular, it would be interesting to know whether the corresponding
Clark measure µα can have a nontrivial singular continuous (i.e., without atoms)
part.
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